We study properties of the realizations of groups as the combinatorial automorphism group of a convex polytope. We show that for any non-abelian group G with a central involution there is a centrally symmetric polytope with G as its combinatorial automorphisms. We show that for each integer n, there are groups that cannot be realized as the combinatorial automorphisms of convex polytopes of dimension at most n. We also give an optimal lower bound for the dimension of the realization of a group as the group of isometries that preserves a convex polytope.
Introduction
Polyhedra and their symmetries have been a rich subject of study. In this manuscript we are interested in the symmetries of convex polytopes, the convex hulls of finite sets of points in R d . We distinguish between combinatorial automorphisms, which are the face-preserving permutations of vertices, and the geometric symmetries, which are the isometries that preserve the polytope. It has recently been established that every finite group is the combinatorial automorphism group of a convex polytope P. It was first proved by Schulte and Williams [SW15] and later by Doignon [Doi18] with a simplified proof.
Given a group G, there are many different convex polytopes whose automorphism group is exactly G. This leads to a rich family of extremal problems: given a group G and a parameter λ(·),
Preliminaries
Given a polytope P, we denote by Γ(P) its group of combinatorial automorphisms and by G(P) its group of geometric symmetries. One of our main tools we use is the following theorem. In the statement above, skel d−2 (·) stands for the (d − 2)-dimensional skeleton of a polytope, and C(Q) for the barycentric subdivision of the boundary complex of Q. The proof of Theorem 1.1 is done by taking a barycentric subdivision of Q and then adding faces in order to break the undesired symmetries in P. The method preserves any geometric symmetries of Q that were present in Γ. This method actually gives a stronger result. Not only is the group of combinatorial automorphisms of P equal to Γ, but the group of automorphisms of skel 1 (P) (as a graph) is equal to Γ. The reason for this is that the only tool that [SSW19] uses to determine that extra symmetries have been broken is an analysis of the degrees of the vertices in skel 1 (P). Since we are using Theorem 1.1 as a black box, the majority of our results for non-abelian groups work on the level of automorphisms of 1-skeletons of our polytopes.
The following corollary will be useful a few times: Corollary 1.2 Let d ≥ 3 and let Γ be a finite subgroup of the orthogonal group O d (R). Then there exists a finite convex d-polytope P such that G(P) = Γ(P) = Γ.
Proof The group Γ acts on the unit sphere S d−1 ⊂ R d . If we take a sufficiently large union F of finitely many Γ-orbits, then the convex hull Q = conv(F ) will be a convex d-polytope. By construction, Γ ≤ G(Q), so the result follows from Theorem 1.1, (d).
Symmetric polytopes
Our first main result answers [SSW19, Open Question 3] affirmatively.
Theorem 2.1 Let Γ be a finite group and σ ∈ Γ a central order-two element. Then, there is a centrally symmetric polytope P with
and σ acting as the central symmetry.
Proof Let G = σ and ρ : G → {±1} ⊂ R × the non-trivial representation, whose one-dimensional real carrier space we denote by V . Upon equipping the induced representation
with a Γ-invariant inner product, we get an embedding of Γ into the orthogonal group of W . Moreover, σ acts as −1 on W by construction. By Corollary 1.2, it follows that there is a polytope P such that G(P) = Γ(P) ∼ = Γ.
Lower dimension bounds
Our next result shows that the "convex polytope dimension of a group" is a meaningful parameter.
Definition 3.1 Let G be a group. We consider cpd(G) (the convex polytope dimension of G) to be the minimum integer d such that there is a convex polytope
The results in [SW15] show that this parameter is well defined. In this section we will prove that it can be arbitrarily large, and therefore interesting to compute. Note that cpd(·) is monotone: if A is a subgroup of B, then cpd(A) ≤ cpd(B). This is a direct consequence of Theorem 1.1. As observed in [SSW19, Section 2], the combinatorial symmetry group Γ(P) of a polytope P can be regarded as a group of simplicial symmetries of a simplicial sphere. This renders plausible the relevance of the following result.
Theorem 3.2 Let p be a prime. For every n there exists some d = d(n, p) such that no elementary abelian p-group of rank greater than d can act simplicially and effectively on a simplicial n-sphere.
Proof We prove this by induction on n, the case n = 0 being obvious. We thus focus on the induction step, passing from the claim for m ≤ n − 1 to n. The simplicial sphere being acted upon will be P.
Let Γ be an elementary abelian p-group (Z/p) d . Since according to [Smi44] a non-cyclic abelian group cannot act freely on a sphere, there must be a cyclic subgroup
with non-empty fixed-point set F. According to [Bor60, §IV.4] F is a homology m-sphere, and hence, in our simplicial context, a simplicial m-sphere for some m ≥ 0.
Consider a point p ∈ F and the isotropy group Γ p of p. The group Γ p acts on the link of p, which is a simplicial (n − 1)-sphere. Said action must be faithful, since otherwise Γ p would act trivially on a neighborhood of p and hence on all of P. By induction, this puts a bound d(n − 1, p) on the rank of Γ p .
In particular, the rank of the pointwise isotropy subgroup Γ F of F is dominated by the same bound d(n − 1, p). By necessity m < n (otherwise G would fix all of P, negating the effectiveness of the action). We now have an effective action of Γ/Γ F on the m-sphere F, meaning that, by induction, the rank of this group is at most
All in all, we have
finishing the proof by setting d(n, p) = 2d(n − 1, p). As a consequence we have the following corollary.
Corollary 3.4 For each n there is a finite group that cannot be realized as Γ(P) for any polytope with dim P < n.
Proof Immediate from Theorem 3.2 and the remark in [SSW19, Section 2], referenced above, to the effect that Γ(P) acts effectively on the simplicial sphere ∂P. Corollary 3.5 For each n there is a finite group that cannot be realized as the geometric symmetry group G(P) for any polytope with dim P < n.
In fact, the last corollary and the geometric version of Theorem 3.2 follow more swiftly from the observation that an abelian group with minimal number n of generators can not be embedded into GL(d, C) for d < n (see Theorem 4.6 below, proof of lower bound).
As an example, consider G = (Z/2) d for d ≥ 3. The arguments above show that cpd(G) ≥ log 2 (d). For an upper bound, consider Q a hypercube in R d . Clearly G is a subgroup of Γ(Q), so it can be refined to a polytope P in R d such that Γ(P) = G. In other words, cpd(G) ≤ d. For (Z/p) d we get similar bounds. In this case Q is simply
where C p is a polygon of p sides in R 2 and ⊕ denotes the standard direct sum. The vertices of Q are the direct sums of d-tuples of vertices of C p . As Q is a polytope in R 2d , as long as d ≥ 2 we can use Theorem 1.1 to obtain a polytope P ⊂ R 2d such that Γ(P) = (Z/p) d . This proves that log 2 (d) ≤ cpd((Z/p) d ) ≤ 2d. This leads to the problem of determining the exact value of cpd((Z/p) d ).
The gap shown above does not appear if we ask for geometric symmetries, as we will show in Section 4. Figure 1 indicates two constructions of polygons with geometric symmetry group the cyclic group of order 4. The same constructions apply to all cyclic groups Z/n of order n ≥ 3, so gcpd(Z/n) = 2. On the other hand, the combinatorial automorphism group of a polygon is a dihedral group, so cpd(Z/n) ≥ 3.
For geometric symmetries, we have the following alternative version of Theorem 1.1, which also works in dimension d ≤ 2. The gist of this result is that we need to add at most one orbit of vertices to break undesired symmetries. The proof is adapted from an argument by Isaacs [Isa77] . Proposition 4.3 Let Q ⊂ R d be a finite, convex d-polytope and Γ a subgroup of G(Q). Then there exists an orbit X of Γ on R d such that for the polytope P = conv(Q ∪ X), we have Γ = G(P).
Proof We may assume that the center of Q is the origin, so that G(Q) ⊂ O d (R). Let Y be the vertex set of Q. For every 1 = g ∈ G(Q), we have that ker(g − 1) (the eigenspace of g associated with the eigenvalue 1) is a proper subspace of R d . As R d is not the union of finitely many proper subspaces, we can find a vector x such that no non-identity element of G(Q) fixes x and such that x is not contained in a proper subspace which is spanned by some subset of Y . Let X = Γx be the Γ-orbit of x. For λ > 0, set P λ = conv(Y ∪ λX). We will show that there is some λ > 0 such that
Consider the ray {λx : λ > 0} spanned by x. As x is not contained in a proper subspace spanned by a subset of Y , this ray meets the boundary of Q in the interior of a facet. Thus there is a nonempty interval I of positive real numbers such that the vertex set of P λ = conv(Y ∪ λX) is exactly Y ∪ λX for all λ ∈ I.
Set s = (1/|G|) g∈Γ gx. The barycenter of P λ is λs. For any y ∈ Y , there are at most two λ's that solve the quadratic equation |y − λs| 2 = |λx − λs| 2 . As Y is finite, there are infinitely many λ ∈ I such that |y − λs| = |λx − λs| for all y ∈ Y . We claim that G(P λ ) = Γ for these λ. By construction, Γ ≤ G(P λ ) for any λ. As Y ∪ λX is the vertex set of P λ , the isometry group G(P λ ) is the set of isometries mapping Y ∪ λX to itself. By the choice of λ, we have that G(P λ ) stabilizes λX, and thus also Y . Therefore, G(P λ ) ⊆ G(Q). By the choice of x, no non-identity element of G(Q) fixes x. Thus |G(P λ )| = |G(P λ )x| ≤ |X| ≤ |Γ|. Since Γ ⊆ G(P λ ) we have G(P λ ) = Γ.
Isaacs also showed that when some finite group Γ ⊂ O d (R) acts absolutely irreducibly on R d , then Γ is the geometric symmetry group of a vertex-transitive polytope. This can be generalized to some groups not necessarily acting absolutely irreducibly [FL18, Corollary 5.8], but not to arbitrary subgroups of O d (R).
Corollary 4.4 Let Γ be a finite group. Then gcpd(Γ) equals the smallest d such that Γ embeds into GL(d, R).
Conversely, suppose Γ embeds into GL(d, R). By a standard result, any finite subgroup of GL(d, R) is conjugate to a subgroup of O d (R). As in the proof of Corollary 1.2, we can find a polytope Q such that G(Q) contains the given subgroup Γ isomorphic to Γ. Then by Proposition 4.3 (or Corollary 1.2 when d ≥ 3), Γ is the isometry group of some d-polytope.
Remark 4.5 When d is minimal such that the given group Γ embeds into GL(d, R), then one can actually show that R d can be generated by a single Γ-orbit. It follows that there is a d-polytope P with Γ ∼ = G(P) and such that Γ has at most two orbits on the vertices of P. On the other hand, not every group is isomorphic to the geometric automorphism group of a vertex-transitive polytope [Bab77] .
As an example, we can compute gcpd for abelian groups.
be an abelian group, where
are the invariant factors of Γ. Let r be the number of factors n i such that n i = 2 and let s the number of factors n i such that n i > 2 (so s = g − r). Then gcpd(Γ) = r + 2s, that is, the minimal dimension of a polytope P such that G(P) ∼ = Γ is r + 2s.
Proof By Corollary 4.4, we need to show that d = r + 2s is the minimum dimension of a faithful linear representation ρ : Γ → GL(d, R). The fact that this is a sharp bound entails two inequalities, which we prove separately.
Lower bound. Suppose the linear representation ρ : Γ → GL(d, R) is faithful. So when decomposing the complexification of ρ (denoted by the same symbol, for brevity) as a sum of irreducible (hence one-dimensional) characters, the summands χ i must generate the Pontryagin dual group Γ := Hom(Γ, S 1 ) ∼ = Γ.
It follows from this that there is, among the χ i , a minimal set of generators χ 1 up to χ h , so that g ≤ h ≤ d. Minimality implies that no two χ i and χ j , 1 ≤ i = j ≤ h can be mutually conjugate (since conjugation means taking the inverse in Γ). All self-conjugate χ i = χ i are trivial on the s-factor abelian group 2Γ, so among the h χ i we must have at least s non-self-conjugate characters. But because ρ is a real representation, the s conjugates χ i must be among the summands of ρ as well, meaning that dim ρ ≥ h + s ≥ r + s + s = r + 2s, as claimed.
Upper bound. Fix an isomorphism Γ ∼ = Γ ∼ = Z/n 1 × · · · × Z/n g and select a set χ i , 1 ≤ i ≤ g of generators for the g factors. The χ i of order two (r of them, in the notation of the statement) are realizable over the real numbers, while the rest can be regarded as representations on R 2 ∼ = C. Summing the characters we thus obtain an orthogonal representation of Γ on R r+2s , which is faithful because its simple constituents generate the dual group. Furthermore, the same bound holds sharply in the centrally symmetric case:
Theorem 4.7 Let Γ be a finite abelian group as in (1), σ ∈ Γ a non-trivial involution, and r and s as in the statement of Theorem 4.6. When σ is not a square in Γ, then the conclusion of Theorem 4.6 holds for polytopes equipped with Γ-actions with σ → −1. When σ is a square, then the minimal dimension of a polytope P with geometric symmetry group Γ such that σ acts as −1 is 2(r + s).
Proof In any case, the fact that dim P ≥ r + 2s follows from Theorem 4.6, since the actions with σ → −1 form a subclass of isometric actions.
When σ is not a square in Γ, then we can write Γ = σ × Γ 0 . Thus there is a real character χ taking value −1 on σ. Now choose generators χ 1 = χ, χ 2 , . . . , χ g as before. By replacing χ i by χχ i if necessary, we can ensure that χ i (σ) = −1 for all i. Thus again the lower bound is achieved. Now suppose that σ is a square in Γ. Then for every irreducible character χ taking value −1 on σ we necessarily have χ = χ. Thus in this case a faithful representation ρ : Γ → GL(d, R) with ρ(σ) = −I has at least 2g = 2(r + s) summands. Conversely, we can find a generating set χ 1 , . . . , χ g with χ i (σ) = −1 for all i (as above), so the bound is achieved.
In principle, Corollary 4.4 allows us to compute gcpd(Γ) from the character table of Γ. A few more (elementary) examples which show that gcpd(Γ) can be arbitrarily large:
Theorem 4.8 (a) gcpd(S n ) = n − 1, where S n is the symmetric group on n letters.
(b) Let Γ be an extraspecial p-group of order p 2k+1 , p odd. Then gcpd(Γ) = 2p k .
(c) Let Γ = Aff(F q ) be the affine group of degree 1 over the field F q with q elements, that is, the set of all maps F q → F q of the form x → ax + b, a, b ∈ F q , a = 0. Then gcpd(Γ) = q − 1.
Proof (a) S n is the geometric (and combinatorial) automorphism group of a regular (n − 1)-simplex. The one-dimensional characters of S n have the alternating group in the kernel. For n = 4, the symmetric group S n has no irreducible representations of degree between 1 and n − 1 [Bur55, pp. 466-468], and for n = 4, the irreducible representation of degree 2 is not faithful. Thus gcpd(S n ) = n − 1. (b) The irreducible character degrees of an extraspecial p-group are 1 and p k [Hup98, 7.6(b)]. The one-dimensional characters have the commutator subgroup in the kernel, so are not faithful. Every character χ of degree p k is faithful, but χ = χ as p is odd. The representation Γ → GL(p k , C) affording χ can be viewed as a representation Γ → GL(2p k , R), so gcpd(Γ) = 2p k . (c) The affine group is not abelian and has only one nonlinear character, of degree q − 1 [Hup98,  7.9(c)]. This character is afforded by a representation over R (in fact over Q), so gcpd(Γ) = q − 1.
